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The famous fictional detective Philo Vance once dabbled in the history of
mathematics. One of the keys to a particularly baffling murder, he told a bemused
policeman, was the fact that the mathematicians of the seventeenth century, unlike
their modern descendants, dealt only with well-behaved functions. “Neither Newton nor
Leibniz nor Bernoulli,” said the great sleuth, “ever dreamed of a continuous function
without a tangent”4]. Vance’s legendary erudition was usually sound, and this case was
no exception. In the seventeenth century such mathematical bizarreries as continuous but
nowhere differentiable functions were indeed still far in the future.

The Law of Continuity

For no thinker of that age was the seeming regularity of the mathematical universe more
significant than for Leibniz. This pioneer contributor to the infinitesimal calculus was

also (of course) a great philosopher, whose metaphysical views were profoundly shaped
by his mathematical knowledge and experience. Mathematics was for him a body of
eternal truths describing an objectively known reality; moreover he felt, like many

before and after him, that the clarity of its ideas and the rigor of its arguments made
mathematics the paradigm of an exact and certain science. Hence he came to see it as a
model for inquiry in other fields, and as a source of potential insight into God’s creation
and governance of the world. In particular the continuity so conspicuous in the curves
and functions of contemporary mathematics underwrote for Leibniz one of the cardinal
principles of all his thought. In what follows | sketch the impact of a mathematically
conceived_aw of Continuityon several diverse aspects of this protean thinker's mature
philosophy.

He expressed this fundameni&t continuiin various ways. In one informal statement
he identified it with the old saying that “nature makes no leaps,” adding by way of
elaboration that “we pass always from the small to the great, and the reverse, through
the medium” [L]. But his attempts to describe the Law of Continuity more rigorously
have a decidedly mathematical air. He wrote in 1687:

When the difference between two instances in a given series or that which is

presupposeddeux cas....in datis ou dans ce qui esgpoan be diminished until

it becomes smaller than any given quantity whatever, the corresponding difference

in what is sought or in their results [quaesitis ou dans ce qui en resphust

of necessity also be diminished or become less than any given quantity whatever.
[2, p. 539]

This formulation, with its curious mix of French and Latin, hints instructively at the
power of good terminology. Lacking any equivalent of our “independent variable,”
Leibniz here lapsed into a vagueness which leaves his precise meaning open to debate.



But on its most naral intepretaion the sttement desdoes the continity of functional
dependencelndeed shot only of the cucial stipuldion tha |y, — y,| can be made
arbitrarily small ty taking|x, — x,| suficiently small,Leibniz hee set érth the aimiliar
e— & characteization of the continity of a functiony = f(x), neaty 150 yeass bebre its
rigorous eminciaion by Bolzano (1817) andybCaudwy (1821).

But the wle just quoted deendssaid Leibniz,on a still“more geneal piinciple,”
namey tha “as the gven quantities & odered so the dected quantities arodered
also patis odinatis etiam quaesita suntdinata]” [2, p. 539].Again the utteasince is
cryptic, but—as his subsequent illuations help to ma& dear—Leibniz hee ewvisaged
the kind of continity in which (as ve s&) the limit of a comergent sequence inhi&s
the popeties of the sequencetems. His &vorite examples of sut sequences dv on
both mahemadics and plgsics:a succession ofgular pol/gons pogressvely filling a
circle, a sequence ofelocities deazasing tward zero. He ecaynized tha in these and
other cases the limit does fdif in olvious ways from the sequencgtems,but he
tended to hwsh sub distinctions aside:

Although it is not &all rigorously true tha rest is a kind of motion... grMmore
than itis tue thaa circle is a kind of egular pol/gon... [these limits of sequences]
nevertheless hee the same ppeties as if thg were induded in the sees.
[2, p. 887]

So far as | knw, he admitted noxeeptions to this stking genealizaion—even sub

appaently stak counteexamples as the sequenicen}, positive tems aproaching
a nonpositre limit. It is intiguing to emember thiaancient Geek thoughtin this
contet, dedined to tanskr qualitative propeties from the tems of a sequence to
the limit. Gieek ma@hemadics might seek an arbétrily close gproximation to, say,
the aea of a cicle by way of inscibed pol/gons,but Greek philosopt insisted tha
the cuvilinear and theectilinear ae fundamentayl distinct. Similaty the ancients
consideed tha even the slwest of motions is quite dérent,in naure and gen in
value from a stée of @solute est. Leibniz'stance mst on thedce of it seem oth
less subtleeven peverse But he had hiswn deg and suicient rrasons—as &
shall see

Wha bred in him so passiot&ta commitment to the contiaus? Ceainly the ultimae
wellspiings were religious and aestheti@he oder and pedictaility that he sav
everywhete in the nture of thingsthe dsence of lsaos and garice, were gfts of a
beneolent God and the souwe of the wrld’s peréction and beautyBut Gods design
and opeation of the unverse ae (he €lt) a bottom m#éhemadical--“the swereign
wisdom,the souce of all thingsacts as a pegtt ggometician” [2, p. 539].And
geomety is “but the science of the contiaus”[3, p. 185]. Nav this last delaration
had been a commonplgcéualistically repeded since antiquity—as Leibniz el
knew. But he gve it a nev and daracterstic twist. Traditionally, the stéement had
aimed meely to contast the intuitrely obvious contimity (absence of gos or jumps)
of geometrcal entities lile line sgments with the diseteness of the objects of
anthmetic the naural numbes. But Leibniz,suveying an enamousy richer sto&

of geometical objects than the @eks ger knav, expanded the old gang into a
celebration of the unéiling contiruity exhibited by all the cuves and functions of
contempoary mathemdics. In paticular he &ulted tha the inheently reasonble
behaior of these objects made them amaedo the pwerful nav techniques of



analtic geomety and the calculus. In the syudf sud cuwves,he wiote “no single
instance can be ddced of ap propety suddenl arising or \anishing without the
possibility of our detemining the intemedide transitionsthe points of infection and
singular pointswith which to render the lsange explicable” [3, p. 185].

Continuity in Nature

And if mahemadics presents no discontiiities, neither does the ovid of physical
expelience for indeed (said LeibniZthe mowe one knws [Naure] the moe geometic
one fnds her’[2, p. 541].The ubiquity of the La of Contiruity in geomety

soon inbrmed me thait could not &il to gply also in plysics. [For] in order for
there to be an regulaiity and oder in Ndure, the plysical nust be constantlin
hamory with the gometical, and.. the contary would hgpen if wherver
geomety requires some contirgtion physics would allov a sudlien interuption.
[3, p. 185]

On & least one occasion Leibnitirfed brefly with the kind of spectacular tuaal
discontiruity now studied ly chaos theasts: He pictued, as an gample of a tig cause
with immense dects,a small spde destoying an entie city by igniting a quantity of
gunpavder. But he dismissed shappaent anomalies as naally outside the gneal
rule [2, p. 541].

In time this unversality of the continous acqued for him the staus of a gea
overarching ptinciple, one of the summe and urwllengeale deteminants of all his
thought. Continity became not att to be erfied in eab nev investigation but an
assumptiormade in adance and hence a soarand test of other cdnsions. Hee then
is the due to Leibniz’insistencewith counteexamples wept under theug, tha the
propeties of a covergent sequence’temsalwayscary over to the limit:This he came
to regard as a necessaconsequence of a higher andesuruth. “Since we can muoe
from polgons to a ciele by a contimous trange and without making a lpait is also
necessarnot to mak a leg in passing fvm the popeties of poygons to those of a
circle,” for “otherwise the lav of contiruity would be violaed’ [2, p. 887; emphasis
added]. In the same sjtihe uged tha ary proposed desgtion of physical phenomena
that ran counter to this omnipgsent ule nust be dandonedHe took pide in basing
solely on this citerion, no further agument beingequired a telling ebuttal of one of
Descates’ventues into mebanics. Descées had laid it don tha if two bodies B and
C, moving on a staight line with equal @locities,collide, then eah will be reflected
with the \elocity of gpproach. But Descdes also laimed thaif B's welocity exceeds
C’s, however slightly, then C will be eflected as befre kut B will continue in its
original direction. Leibniz sa tha the passge from the irst of these scenas to the
second daw a lage difference in outcome &m a small anation of initial conditions,
and so heajected the second of Destes’ condusions as incompile with the
gualnteed smoothness oftaee’s working [2, p. 540]; cf [3, p. 186].

In another contd the contimiity in the ggomety of the conic sections inspidl Leibniz
to one of his gandest visions. He pointed out tlethough ellipses and @nolas look
dissimilar a pasbola can beagarded as the limit obtaimée from an ellipse P letting
one bcus @ to infinity. Obviously the passge from initial ellipse to ihal paabola
traverses a contimum of intevening ellipses. (Kpler (1604) had visedall the conic
sections in just this syiiy in an impotant ealy stdéement of the pnciple of continuity.)
To Leibniz the ellipse-pabola elaion sugyested an anafpin a ealm seemingl



remote—biolgy. He could beliee, he wiote tha the world’s living cregures,though
visually as diferent from one another as ellipses andgpatas,form like these a
contiruum.Any missing ungs in thisscala naurae, arny gaps betveen knavn species,
he podaimed conidently, will be filled as n#uralists disceer nav forms. Rints of
seeming discontunty, like the dvide between plants and animakse actualy occupied
by organisms shang traits with neighba on both sides’hese ponouncements placed
Leibniz in one of Ewpes oldest intellectual @&ditions,for the idea of &rea Chain of
Beinghasbeen setdrth by mary pens since Pta’s time But to this ancient theme he
added an gtra vanation, which perh@s on{y a mahemadician would wice: “When the
essential detemingions of one beingmproximate those of anotheall the popeties of
the former should alsorgdually approximate those of the teer” [3, pp. 186-188]That
is, eat biological chamacter is a contuous function of position on the lder of living
things. No one bete Leibniz,and no one after hinaver concered the Gea Chain of
Being in sub specifcally mahemaical tems.

The assumption of all-pesisive continuity colored the gea philosophers widest
perspectves on the cosmic der The Law of Contiruity, applied to the tempait
sequence of theand’s events,entails thaevery physical occurence can and ust be
explained in tems of peceding sti@s.And just as‘there is a perct contimity reigning
in the oder of succesge things,so thee is a similar ater” in the sinultaneous; the
gred law holds svay in space as in time3] p. 186]. Continity underwites the
organicism so dominant in Leibniworld view. Atomic theores of mdter, which
postulde disjoint paticles in otherwise empty spaaannot be alid, for they would
allow discontiruities in naure’s opeations [3, pp. 188-189]. (Notegain the sttus of
contiruity as axiom#c in the sense of uhallengaly true, and as a basi®f vital
deductions.JThe unverse then,is a“plenum;’ full everywhere, a spaial contiruum.
Ead of its pats afects and is &tcted ly ead of the othes, in mutual accommoden
and infuence—thépre-esthlished hamory” conferred by God on this best of all
possile worlds.

Obviously one cannot asitre sut condusions wiolly to Leibniz’ expelience of
mahemdics. But tha sciencein his g/es themodus opeandiof God’s cedivity, often
served him as a guide to the gi@s and limits of cosmic @ngments. Hav then might
his world view hare come to tens with the léer realizdion tha freakish objects and
quirky behaior occur @en in the ppaently ordelly realm of méghemadics? By vha
adjustment might his matbysics eflect (sg) the discoery of functions discontinous
everywhere, or the insight thiathe sum of a carergent seies of contimous functions
need not be contirous? Of cowge we cannot knw. But as it stands)is philosoply
seems to dw an ge of compaative mahemadical innocencewhen all the cures and
functions under stydexhibited the eassung regulaiity of the contimous.
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