Gabriel's Wedding Cake
Julian F. Fleron

The College Mathematics Journdgnuary 1999, Volume 30,
Number 1, pp. 35-38

Julian Fleron (j_fleron@foma.wsc.ma.edu) has been Assistant Professor of
Mathematics at Westfield State College since completing his Ph.D. in several complex
variables at SUNY University at Albany in 1994. He has broad mathematical passions
that he strives to share with all of his students, whether mathematics for liberal arts
students, pre-service teachers, or mathematics majors. Family hobbies include popular
music, cooking, and restoring the family’s Victorian house.

e obtain the solid which nowadays is commonly, although perhaps
inappropriately, known as Gabriel’'s horn by revolving the hyperpetal/x

about the lingy = 0, as shown in Fig. 1. (See, e34j,[p].) This name comes
from the archangel Gabriel who, the Bible tells us, used a horn to announce news that
was sometimes heartening (e.g. the birth of Christ in Luke 1) and sometimes fatalistic
(e.g. Armageddon in Revelation 8-11).
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Figure 1. Gabriel's Horn.

This object and some of its remarkable properties were first discovered in 1641 by
Evangelista Torricelli. At this time Torricelli was a little known mathematician and
physicist who was the successor to Galileo at Florence. He would later go on to invent
the barometer and make many other important contributions to mathematics and physics.
Torricelli communicated his discovery to Bonaventura Cavalieri and showed how he had
computed its volume using Cavalieri’s principle for indivisibles. Remarkably, this

volume is finite! This result propelled Torricelli into the mathematical spotlight, gave

rise to many related paradoxé&}, and sparked an extensive philosophical controversy

that included Thomas Hobbes, John Locke, Isaac Barrow and others [

This solid is a favorite in many calculus classes because its volume can be readily
computed via the method of disks:
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The seeming padox of an infnite solid with a inite volume becomesven moe
striking when one considsrits surbce aea.The standat method ér computing agas
of surfaces of evolution gves

S= fw2wf(x)\/m2 dx = floo27r ()—1(> S+ ( 1) dx

- fwzw—x4 =2 ax.

This last intgral cannot bewaluaed eadily, although with the aid of a computer
algebra system w find

fzw— dx = wlln(\/x“ + 1+ x%) — —XXH] + C.
In lieu of this,typically we estimée /x* + 1/x3 = /x*/x3 = 1/x so
oo X4 + . . ny _
S= J 2m——5—dx = 27TJ - rI]larrgo(|ln(x)|1) = oo.

Hence Gabriel’'s hon is an ininite solid with fnite volume lut infinite surbice aeal

Although Gdriel’'s hon is an engging and @propriate example br second semester
calculus,anaysis of its emakable feaures is compliceed ly two factoss. Frst, mary
of the ne&v calculus cuicula do not intude aeas of sudices of evolution. Secongthe
beauty of the pado is often obscwed by an int@ral estim#ée tha most studentsrid
spurous d best.

In an efort to alleviate thesedctors, as well as to ind an éample accessib to less
advanced studentsye can use a disete analgue of Gaériel’s hon to illustrate the
same pad. To constuct it we can eplace the functioly = 1/x with a st@ function.
Let

(1for1<x <2
%for23x<3
f(x) = <
%fornsx<n+1
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Revolving the gaph off about the liney = 0 we obtain the solid ofevolution shavn in
Fig. 2. Notice thg when stood on end appeas to be a cakwith infinitely mary
layers.



Figure 2.Gabriel’s Wedding Cale

As eat layer is simpy a g/linder, the wolume and sudce aea of the solid can
be eadily computedThenth layer has wlume 7(1/n)?, so the total @lume of the cad
is

e} 1 2 ==} 1
V= 2 77(—) =T .
n=1 n n=1n
This seies cowerges. Calculus students wikeaynize the sdes as g-seiies with
p = 2. Less a@tanced students can seetttiee seies cowerges ty compaison:
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Using Eulers emakable result thathe sum of the siErs isz‘;":l(l/nz) = 72/6 [1],
one can een obtain anxact esult:V = 73/6.
The sur&ce aea is brmed ly the anmlar tops and the taral sides of edtlayer. The

surface aea of thenth annilar top ism(1/n)? — m(1/n + 1)?, so the total aa of the
anrular tops is yen ly the telescoping siets
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Notice this esult is olious if one“collapses”the layers since theasulting top lger
will be a complete disk ofadius oneThe surhce aea of thenth lateral side is
2(1/n)(1), so the total leral surbce aea is

A = 2%( J )= 22




This is the hanonic seies,among the most imptant of all the inhite seres,
which diverges.

Thus,this solid illustetes essentialithe same pado as Gariel’s hon: an ininite
solid with finite volume and inhite surfice aea. In other wrds: a cale you can eg but
cannot fost.

Regarding a namedr this nev solid, Gabriel's wedding cale seems@ropriate for
physical and gnel@ical reasons. In atition, it seems a bitafreshing since eddings
are so unbashedf joyous,and the connotens of the han have often imposed a hea
burden on Ghriel.
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