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eaders are advised to proceed with caution. Those with a weak heart may wish to
Rconsult a physician first. What we are about to do is explode an ellipse. This

risky business is not often undertaken by the professional mathematician, whose
polytechnic endeavors are usually limited to encounters with administrators.

Ellipses of the standard form of
X2 y2
PO

wherea > b, are not suitable for exploding because they just move out of view as they

explode. Hence, before the ellipse explodes, we must secure it in the neighborhood of

the origin by translating the left vertex to the origin and anchoring the left focus to a
point on thex-axis. Then a portion of the ellipse will always remain in view.
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At this point, recall that the ellipse is characterized by two focal points that lie on the
horizontal axis; their distance from the center of the ellipsgvidherec® = a2 — b2
Figure 1 shows the graph of an ellipse in standard form. The equation of the ellipse
after translation is
(x —a)? ¥y
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Figure 1
An ellipse in poor&rm for exploding

The left \ertex, which has been énslded to the dgin, and the left dcus,which has
been anlsored to the pointk, 0), wherek = a — ¢, are fixed in placeThroughout the
entire poocedue, k will remain constantut a, b, andc will undergo drastic hangg;
therefore, precautions mabe necessgrFigure 2shaws the tansldaed ellipse
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Figure 2
An ellipse in a érm tha is read/ for exploding

Because remains unisanged we dhang the brm of the equiion of the ellipse so tha
k appeas in the equi@on, whereasb, which changs,does not ppear

Sincek = a — candb? = a> — ¢ = (a — c)(a + ¢) = k(a + ¢), the equéon of the
ellipse can be vitten as
(x — a)? o
a2 k(a+ ¢)

The pocess of squarg and simplifying yields
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(l) XE — 2X + y—C = 0.
k(l ; _)
a
Because = a — k, we have
2 2
St =0,
k(l + —)
a
or
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2 X-x+—Y _-o



Alas, the beauty and simplicity of the standidrm of the equon of the eillipse a
gone We wonder:Are we doing theight thing? But it is too li@ to tun bad.

We ae naw read/ to proceed with thexpansion and ultinta explosion of the ellipse
At this point,reades should consider putting on #aglassesbecause things ma
become illuminéng. Also, remove or tie davn sud loose objects as pencils and
calculaors.

Okay, here goes.We leta expand unbeded It picks up speed as iaces to inhity,
taking with itb andc and the center of the ellipsiSeefig. 3)
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Figure 3
Ellipse dumg expansion

Recall thaa moves tavard infinity, wherask remains iiked
Boom!
Wow, did you see th& Are you okg?

While, concened br our pesonal sadty, we corered our ges,a approadied
infinity with
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and
2 2
lim y—k Z;_k.
"
a

In an instantall tha we leaned dout an ellipsetha is, equdion (2), has been tan to
the limit.
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The ellipse is gne but look & the beautiful pabola tha results {ig. 4).

Please adse your students thiahis eercise should be done gnby a piofessional
mathemadician and is not something thitney should ty at home
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Figure 4
Ellipse dumg and after xpansion

In retrospectwe recagnize thd the family of ellipses dehed by fixedk are all
contained within the pabolay? = 4kx, which is the limiting \alue of equaon (2) asa
goes to ininity. The \aluek, originally the distance &m the left bcus of the ellipse to
its left vertex, is now the distance &ém the bcus of the pabola to its erex. We naw
have pecisel the standaf form of the equion of the paabola. Hav fortunae.

EPILOGUE

As the center of the ellipseant to infnity, so did the secondight, focus.The sum of
the distances &m a point on the ellipse to theci is constantWe can ask Wwether the
sum of the distancesdim a point on the pabola,that is, the exploded ellipseto the
foci is also a constariVe diaw a ray from a point on the pabola to the seconar
right, focus,labeledG, which is d infinity. (Seefig. 5.) This ray is drawn pagllel to the
horizontal axis and contains the secondus,which is on the harontal axisbecause
all pamllel lines meet tainfinity.

Figure 5
Parabola with @ys to ight focus



At this point,we remind ouselves tha a pasbola can be déafed as the loci of all points
equidistant fom a speciéd point—the dcus,F, and a line—the dactiix, as shan in
figure 6.
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Figure 6
Parabola with ocus,F, and diectix

We extend eah ray in the ngative x direction ly a length equal to the distance
from thd point to the dcus of the pabola—the initial bcus of the xploded ellipse
Ead ray, so extended ends &the diectix. Consequeny the endpoints of these
extended ays ae collinear anddll on a line pgvendicular to the haontal axis,

as shawn infigure 7.
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Figure 7
Parabola with extended ays

The length of edtray before its extension iso; by adling a fnite extension,it remains
infinite. Tha is, o0 + X = co + Yy is true whether or nok = y. Therefore, exploring the
length of thesex¢ended ays algebraically has no met. Geometically, the situdion is
different. Looking &figure 7,can we not s§ tha since eale extended ay emanéges
from the sameaertical line, all are of equal lengthWe recall tha ead extension made



to the diectix is equal to the length of the lineggeent dawn from the point fom
which the &tension vas made to theotus of the pabola. Consequerntlusing
graphical agumentswe can sgtha the sum of the distance®i a point on the
parmbola to its‘two” foci—the fnite one F, and the one o at infinity, G—are equal
for all sut points.After all, this sum represented gphically, equals the length of the
extended ays.

So is a pabola meely an eploded ellipseAnd the point ainfinity just the other
focus &ir avay? To pagphrase theNelch metghysical poet Heryr Vaughan,

.. .Had I seen inhity the other night
Would it have been a point of endless light?
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